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Abstract 

We study string interactions among string states with arbitrary impurities in the Type 
IIB plane wave background using string field theory. We reproduce all string amplitudes 
from gauge theory by computing matrix elements of the dilatation operator in a previously 
proposed basis of states. A direct correspondence is found between the string field theory 
and gauge theory Feynman diagrams. 
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1. Introduction 

The solvability JIJ 1| of Type IIB string theory on its maximally supersymmetric plane 
wave geometry || has allowed BMN Q to represent the free string spectrum of excitations 
around this background in terms of operators of Af = 4 SYM. Further checks of this 
identification were performed in |JJ and culminated in ||, where the exact free spectrum 
of the string Hamiltonian was derived from gauge theory considerations for a class of string 
states. 

The formulation of the duality between interacting string theory in the plane wave 
background and gauge theory has recently been formulated and tested in 00] (see also @ 
for a complementary description using the string bit model [1Q||[11| ||12|1 ). The basic idea is 



to extend the classical identification derived from the Penrose limit between the free string 
theory Hamiltonian H 2 and the gauge theory dilatation operator^ A 

-H 2 = A-J, (1.1) 

to the full interacting theory. In the interacting theory the free Hamiltonian gets replaced 
by the interacting Hamiltonian H = H 2 + g 2 H^ + • • •> where g 2 is the string coupling 
constant, and the holographic map proposed in 00 reads 

—H = A - J. (1.2) 
A* 

In @ [U a basisi of operators in Af = 4 SYM was found such that the 0{g2) matrix 
elements of the string Hamiltonian were reproduced using ( |1.2|) from gauge theory compu- 
tations, which were initiated in |l^]||14||[^5ip^1 . The analysis in was restricted to 



string states with two different scalar impurities along an R 4 plane in the transverse R 8 
directions of the plane wave. For previous work on string interactions in the plane wave 
background, see [LJ |T7j-[|32]. 



In this paper we compute the 0(g 2 ) and 0[g^) Hamiltonian matrix elements for string 
states with two identical scalar impurities along R 4 and reproduce them from gauge theory 
computations. We find that the matrix elements of the dilatation operator in the basis 
described in || exactly reproduces the string theory answer. When considering string 
states with identical impurities we find that there are new classes of Feynman diagrams 



1 J is the generator of a U (1) £ SU (4)_r subgroup of the R-symmetry group of Af = 4 SYM. 

2 In the next section we will briefly review how to find the correct basis of gauge theory states. 
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that contribute to the string theory and gauge theory computations. In this work we find a 
direct connection between the Feynman diagrams that appear in the string calculation and 
the Feynman diagrams that contribute to the gauge theory matrix elements. Roughly, the 
action of the prefactor in string field theory is captured by the interaction vertex in gauge 
theory while the Neumann matrices are captured by the sum over all free contractions in 
gauge theory. This correspondence could be an important step in deriving the duality. We 
then compute the 0(g2) Hamiltonian matrix elements for string states with an arbitrary 
number of impurities along R 4 and exactly reproduce them using gauge theory using 
( |1 . 2|) and the basis of states in ||, after identifying gauge theory Feynman diagrams with 
corresponding diagrams in string theory. These results give strong supporting evidence of 
the holographic map (|1.2| ) and of the basis of gauge theory states proposed in |§ as a dual 
description of string states. 

The plan of the rest of the paper is as follows. In section 2 we review the holographic 
map proposed in and review the basis of states introduced in in which to compute 
gauge theory quantities. In section 3 we consider the string states and gauge theory op- 
erators with two identical scalar impurities. We perform computations up to of the 
string Hamiltonian matrix elements, emphasizing the extra diagrams that contribute be- 
yond those that appear when considering string states with two different scalar impurities. 
Using the basis change proposed in || we exactly reproduce the string theory results from 
a gauge theory analysis. In section 4 we show equivalence between string theory and gauge 
theory computations for arbitrary string states by identifying string theory Feynman dia- 
grams with gauge theory Feynman diagrams. We conclude in section 5. Appendix /, which 
is outside the main focus of the paper, contains the 0{g<i) calculation of a two-impurity 
p-string state transition into a p + l-string state. We find precise agreement with the gauge 



theory calculation in []33|] once we change to the basis in ||. The rest of the appendices 
summarize the calculations performed throughout the paper. 



2. Review 

As mentioned in the introduction, the proposal for the holographic map between string 
theory in the plane wave and M = 4 SYM is ( |1.2|) . This means, as anticipated by Verlinde 
|IH , that all the information is encoded in the matrix of two point functions of BMN 
operators 

|x| 2A ° (O a O b ) = G AB + T AB ln(x 2 A 2 )-\ (2.1) 
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where Gab is the inner product metric and is the matrix of anomalous dimensions. 
The proposal ( |L2| ) requires the eigenvalues of H and fi(A-J) to be the same. However, as 
emphasized in @ @ @ , comparison of matrix elements of these operators can be achieved 
in a suitable basis. The basic principle is to orthonormalize the gauge theory Hilbert space 
inner product Gab order by order in g^, which captures operator mixingi between BMN 
operators with different number of traces. By orthonormalizing, the gauge theory inner 
product coincides with the string theory Fock space inner product. The precise mapping 
between string theory Fock space states \sa) and gauge theory orthonormal states \Oa) is 
given by 

\s A ) -> \0 A ) = U AB \0 B }, with UGtf = 1, and (s A \s B } = {0 A \0 B ) = $ab, (2.2) 

where \0 a) are states created by BMN operators. Then, one can compute the matrix 
elements of the dilatation operator in the orthonormal basis and compare with string 
theory Hamiltonian matrix elements^ 

-(sa\H\s b ) = (d A \(A-J)d B ) = (U ([A - J]G + T)U^ab =n5 AB + Tab, (2.3) 

where T is the matrix of anomalous dimensions of BMN operators and n is the number of 
impurities. 

The change of basis U is, however, not unique. In a basis was found for 

which the string theory matrix elements of string states with two different impurities was 
reproduced from gauge theory using ( p.3|) . As emphasized in || the change of basis is 
the unique one which orthonormalizes the gauge theory inner product and leads to the 
matrix U being real and symmetric. We will show that this change of basis is universal by 
reproducing the string theory Hamiltonian matrix elements for arbitrary string states via 
matrix elements of the dilatation operator in the universal basisi. In this basis the matrix 



3 The relevance of mixing in the duality was first pointed out in [ pl[ . 

4 As in our previous paper, we will omit the trivial factor on the right hand side of (2.3) 
proportional to the classical dimension A from now on. 

5 In our previous work and in the rest of the paper we will refer to this basis as the string 
field theory basis. 
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of anomalous dimensions was evaluated in [|J and are given in terms of the BMN inner 
product metric G and matrix of anomalous dimensions T as 

f(o) _ r (0) 

fw = rW-i{GW,r(°)}, ( 2.4) 
f(2) = r ( 2) _ I {G (2) 5r (o )} _ i {G (i) ?r (i) } + |{(G«) a ,rW} + ~G«r(°)G« 

2 2 8 4 

where M {s \ with M = T, G or r, is the g% term in the expansion of M = + g2M^ + 
g\MV) + .... 



3. Correspondence in two impurity singlet sector 

In this section, we study string states and BMN operators with two real scalar impu- 
rities along the same direction in R 4 . Since SO (4) is a symmetry, we can decompose two 
scalar impurity states into 4® 4 = 1©6©9 irreducible representations of SO (4), with two 
repeated impurities belonging to the singlet. We will consider states with two impurities 
in one direction i £ {1, 2, 3, 4} instead of looking at the singlet state and later on extend 
the analysis to arbitrary number of impurities. 

The single string states we will consider are given by (no sum over i): 

\ii,n) = a^a_ n \yac), 

1 •+ ■+ (3-1) 
\n,u) = — ^=a a |vac). 



As shown by H35||[jl5 |, the corresponding gauge theory operators when #2=0 are given 
respectively by 



Oi n = v/J A 7 _ ( ]Te 2 ^/ J Tr ^Z l ^Z J ~ l ) - Tr {ZZ J+1 ) 



./ 



(3.2) 



°&,o = ( E ^ (^Z^) - Tr (ZZ^) 



d=0 



without summing over i. The extra contribution involving Z is crucial ||35|| ||15|| for the 
existence of the BMN limit, where N, J — > oo, with g, g 2 = J 2 /N and A' = g 2 N/ J 2 fixed 
and as we will see leads to interesting new effects. 



The interaction term H% couples single string states to two-string states. These are 
given by 

\ii,m,y)) = a^a!! m |vac, y) ® |vac, 1 - y), 

\H,Q,y)) = -j=a$a$\vac,y) <g> |vac, 1 -y), (3.3) 

\ii,y)) = «o |vac, y) <g> aoV ac 5 1 -S/)> 
where < y < 1 is the fraction of the total momentum carried by the first string in the 
two-string state. These states are represented when gi = by the following gauge theory 
operators 

q-J,V _. QV-J . Q{l-y)-J . 
ii,m ■ ii,m •> 

T J ' y =• n y J n( 1 ~y)~ J ■ 

2 ii ■ w i ' w i 

where y = J\ j J and 1 — y = J%/ 'J and 



O j = - 1 Tr (Z J ) , 

VJJ r (3.5) 

Oj = Tr (<^Z J ) . 

We now proceed to describe string interactions among these states using string field 
theory and reproduce the results from a gauge theory analysis. 

3.1. SFT computations 

The proper way to describe string interactions in the light-cone gauge is by using 
light-cone string field theory. The Hamiltonian is given by H = H2 + #2-^3 + #2-^2 + • • •> 
where gi is the string coupling constant. H3 is the leading interaction and couples an 
n-string state to an (n ± l)-string state and H' 2 is a contact term. Following the flat space 
results in EH] WR the plane wave vertex H 3 has been studied in P§ [KS [gCl HI m . 



• The 0{g<i) Computation 

The properly normalized cubic interaction term in the case of purely bosonic excita- 
tions along R 4 in the exponential (BMN) basis of oscillators is given byi 

-\H 3 ) = - y -^y±P\V), (3.6) 



6 We take without loss of generality a'p^ = —1, a'pl = y and a'pf 2 ~. = l—y, where < y < 1. 
Therefore, A' = l//i 2 . The large u normalization was fixed in |9|[Q by comparison with a field 
theory amplitude. 



5 



where p^ is the length of string r and P is the prefactor 



3 oo 

P = H E 

r=l n= — oo ~ IT) 



+ „/ a n(r) a -«(r)' 



with 



w n(r) 



(up^a') 2 + ^ 2 and@ 



/I 3 00 ~ \ 

I^^pLE E ^W^^jlvac). 

^ r,s=l m,n= — 00 ' 



(3.7) 



(3. 



We now compute the matrix elements between single string and two-string states. It 
is convenient to introduce Feynman rules to evaluate these amplitudes, specially in later 
sections when we consider arbitrary impurities. They are given by: 



(r, m) 
(r, m) 



0,n) 
(s,n) 



Af( rs ) 



id. 



+ 



id 



n(s) 



«p+ r) a' ^Pj)"' 



N. 



(rs) 



(3.9) 



where r, s G {1,2,3} label the string and m, n label the worldsheet momentum of the 
oscillator. Then, the Neumann matrix Nm^l is the propagator between oscillators ct m ( r ) 
and a n ( s ). We can eliminate the prefactor P in ( |3.6| ) by sequentially commuting it through 
the external states oscillators, which has the effect of reversing the sign of the worldsheet 
momentum of the oscillator which P is acting on. After elimination of the prefactor, we are 
left with contractions between external states oscillators. The x symbol in the vertex ( |3.9| ) 
signifies the total effect of commuting the prefactor P in ( |3.6| ) through both oscillators and 
their contraction. 

Using these Feynman rules and the following symmetry relations satisfied by the 
Neumann matrices 

m,n n,mi m,n —m, — ni V" "/ 

7 Here we omit the overall p + conservation factor, |p^)|<^(Pm ~^~P(2) ^"^(3))' 
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we can now evaluate any Hamiltonian matrix element using combinatorics of Feynman 
diagrams. In the case of two identical impurities, the amplitudes are given by: 



1 /•• i it i • • u y(i-y) 

-{ii,n\H 3 \jj,m,y)) = 

H 2 



5--4iV( 13 )iV (13) 



m.n 711 , — 77, 



^n(3) 

(33) ^(11) ^m(l) _ 0^(33)^(11) 



■'m(l) 



(3) 



n, — n m.m 



-(ii,n\H 3 \jj,y)} = - V ^ ^ 
\i 2 



°JJ^ iV 0,n iV 0,n 



1 - 



(3) 



(3.H) 



, 27V (33) 7V (12) - 9iV( 33 )iV (12) -^ 

+ ZiV n,-n iV 0,0 ZJV n,n iV 0,0 

7 1 

We note that there are Feynman diagrams in which the identical impurities in a given 
string are connected via Neumann matrices involving only that string. Such contributions 
are absent when considering strings with different impurities due to the 50(8) invariance 
of the Neumann matrices. We can evaluate the expression in the largei fi limit, which 
corresponds to the perturbative gauge theory regime. Even though N^ ll \ N {12 ^ and 
are suppressed by 1/fi as compared to N^ 13 \ the self-contraction contributions are of 
the same order as the contractions between different strings due to cancellations in the 
contribution of contractions between different strings. The large \i expressions are given 
byi 



(ii,n\H 3 \jj,m,y)) 



S.JfV* + f (1) 

l J \ n,my ' —n,my 



_ ir (1) 
2 n .oy 



— {n, n\ 



Hs\jj,v)) = 6 ij (rM+r<Xv)-lr£ 



(3.12) 



where 



n,my 



A 



/ V 1 ~y sm 2 (Trny) 



Jy 2n 2 
, 1 sin 2 (itny) 



(3.13) 



2tt 5 



rfL and r (1) 



n0 clllu. a Ui y are defined in Appendix B and as we shall see have a direct gauge theory 



origin. The splitting of the first term in ( 3.12| ) into two identical contributions is convenient 
when comparing with the gauge theory analysis in the next subsection. 



We summarize the large /x expansion of the Neumann matrices in the Appendix A. 
9 In light-cone string field theory the canonical normalization of states is the usual delta func- 
tion normalization (s' A \s' B ) = \p\\5{p\ + p^) = JaSj a ,j b , so that \s' A ) = \/~Ja\sa)- Therefore, 
when comparing string field theory results with gauge theory results we have to take into account 
this normalization factor and the overall 5- function in (|3.§|), since gauge theory states have unit 



norm [43] [14], so we divide the string theory answer ( |3.11|) by «/ Jy(l — y). 
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The first contribution in (|3.12 ) is twice as large as compared to the answer one gets 



when considering string states with two different impurities @[||. The reason is that 
there are twice as many ways of contracting impurities among different strings. This 
is reproduced in the gauge theory computation because the scalar impurities have two 
ways of contracting when they are both the same. The last term in (|3.12| ) are due to 
self-contractions and only appear when two impurities are repeated. In the gauge theory 
computation in next subsection these extra contractions are due to the extra diagrams that 
one gets when considering the operators ( |3.2| )( |3~4"|) . The new contractions in string field 
theory correspond to gauge theory diagrams involving Z and diagrams coupling all four 
scalar impurities. In section 4 the connection between gauge theory diagrams and string 
field theory diagrams will be made explicit. 

• The 0(g$) Computation 

We now consider the 0{g$) matrix elements between single string states, that is, the 
contact term contribution. We will also reproduce this result from gauge theory consider- 
ations. 

The single string contact term in the plane wave geometry has been recently analyzed 
in ||44|| . It is constructed from the plane wave dynamical supersymmetry generators via 
H'2 — {Qzi Qz}, where Q3 is the leading g 2 correction to the free supercharge. In [|0J it was 



shown that by considering the contact term contribution for two different impurity string 
states the gauge theory results in the orthonormal basis of @ could be reproduced if 
one truncated the intermediate states to the two impurity sector. We will perform a similar 
calculation for string states with two identical impurities using the same truncation and 
reproduce these results from gauge theory in the next subsection. Understanding more 
precisely why the truncation works is an important open problem. 

The intermediate two impurity states that contribute are given by 

\j,m,y,l)) = cp^-jjtf* - ze(m)6l t m )|vac, y) <g> |vac, 1 -y), 

\j, 0, y,l)) = c^lvac, y) <g> |vac, 1 - y), ( 3 - 14 ) 
\j, 0, y, 1))' = a$ |vac, y) ® b$\vac, 1-y), 

and I j, m, y, 2))(') defined by changing the string on which the operators act. The b os- 



cillators are the fermionic oscillators. Using the expression in [41] for the supersymmetry 
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charge Q we can calculate its matrix elements in the large \i limit0(see Appendix C for 
details) 

Qn,m{s) = (H, n\Qa\j, m, y, s)) 



abcd^ m ( s ) 



(3)-n ly m,n ~ ± (3) n ly m,-n 



(3.15) 



V2 

for s = 1,2. Therefore the 0(<7f) Hamiltonian matrix element in the case of two impurities 
in the same direction is given by 

(ii,n\H^\jj,m) = 8ij / — - V V Q n ,i(s)Qm,i( s )- ( 3 - 16 ) 

Jo v^-y) s^n^^ 



(ii,n\H' 2 \jj,m) = S ijT ^(B ). (3.17) 



Performing the relevant sums and integral one arrives at the final result (see Appendix D): 

1 

16tt 5 

The result in ( |3.17|) has an extra term as compared to the calculation for two dif- 
ferent impurities, which is identical to the first one except for the sign of the worldsheet 
momentum. 

In this subsection we have calculated the Hamiltonian matrix elements using string 
field theory up to 0{g$). We now turn to the gauge theory analysis. 

3.2. Gauge theory computations 

The BMN operators with two identical scalar impurities ( |3.2| )( P~3D are insensitive to 
the sign of the worldsheet momentum since Of „ = Of „ and = T-f ,y „, so we will 
consider without loss of generality n, m > 0. Moreover, the BPS double trace operator 
T~ ,v is invariant under y — > 1 — y, so we can restrict to < y < 1/2. 

As explained in section 2, in order to compute string interactions from gauge theory we 
must compute the matrix of two point functions of BMN operators Of i nl and T^' v . 

The relevant inner product metric and matrix of anomalous dimensions can be extracted 
from ||15| . They are given by0: 

C n ^q Z -\~ C —n,qz 

G = l + <72 $ij I Cpy,m + Cpy,— m 



2C'y ) m 




+glh[ (?) (?) 

(?) (?) 



(3.18) 



10 The zero mode contribution vanishes in the large /x regime. 

11 We have summarized in the Appendix B the explicit expressions for the matrix elements. 
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and 




s-.(r {1) +r (1) l-±r (1) 25--r (1) - ±r (1) 

u ij \ L n,qz n~ - nj q Z ) 2 n,Oz ^tj 1 - n,z 2 n > z 



+ si ( ' (?) (?) 

(?) (?) 

(3.19) 

where (?) denotes matrix elements that have not yet been computed. We note that when- 
ever the worldsheet momentum index in (|3.18|) ( |3~T9| ) vanishes, that we must divide the 
matrix element by a/2. Likewise when both operators have vanishing momentum we must 
divide that matrix element by 2. These extra factors arise from our normalization of the 
operators in ( |3.2| ) ( |3.4| ) which differ from those in |nj . In this way we get an orthonormal 
inner product for n, m > 0. 

The inner product metric can be computed in the free theory while the matrix of 
anomalous dimensions comes with a power of A' from evaluating one loop graphs. In the 
free theory the Z portion of the gauge theory operators ( |3.2| ) ( |3.4| ) does not couple to the 
terms in (|3.2|)(|3.4| ) without the Z. Moreover, the diagrams involving only Z are suppressed 
by a power of 1/J with respect to the leading contribution, which only involves the part 
of the operator with the two impurities (terms without Z). Therefore, in the computation 
of the mixing matrix the extra term in the operators (|3.2| )( |3~4"D does not contribute in 
the BMN limit, so that at any order in (72 the inner product metric can be calculated 
neglecting the Z term. It then follows that there are twice as many contributions in the 
inner product of (|3.2|)( |3.4p as compared to the case of two different impurities. This is easy 
to understand since there are now twice as many ways of contracting the impurities and 
they come with the opposite sign of the worldsheet momentum. An analogous phenomena 
occurs when extending the analysis to arbitrary number of impurities. 

The matrix of anomalous dimensions also has twice as many contributions of the 
type appearing for different impurities. These gauge theory Feynman diagrams can be 
identified in the string field theory calculation with contractions involving impurities living 

10 



Fig. 1: The new diagrams. The thick lines represent the impurities or Z while the 
thin lines denote Z. The first line is for diagrams involving T^'^ while the second 
is for diagrams with T u ' v . 



in different strings. However, there is an extra term arising from vertices involving Z in 
(j3T2l )(|3.4|) and the coupling of all scalar impurities^ (see Fig. 1). 

These extra Feynman diagrams can be identified in the string field theory calculation 
with contractions of impurities living on the same string as can be inferred by looking at 

&• 

We can now test the holographic correspondence ( |2.3j ). Using the formula for the 
matrix of anomalous dimensions in the ortho normal basis in terms of G and V we find: 

(i) \ _ i r (i) 

—n,my J n n,0y> 

J - (3.20) 



f(!) =S-(t ( - 1) +f 

n;n,jj;my u iJ y n,my ^ J - 

f (1) =5 - (fw + f (1) ^ - -r^ 1 

x n;n,jj;y u iJ y n,y • -n,y J O ' 



12 



The quartic scalar coupling denotes the effective interaction after taking into account self- 



energy and gluon exchange diagrams [15]. 
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where terms with f on the right hand side come from the usual Feynman diagrams present 
also for two different impurities and the last term comes from new diagrams only present 
when two impurities are the same. By comparing with the string field theory calculation 
Q3.12|) we find precise agreement. 

We now proceed to computing the matrix elements of the mostly single trace opera- 
tors^l to order g\. Using (2.4) we find after some computationlll 

f(2) _ * (f{2) ,f(2) A,xf(2) (o 2 l) 

L ii;n,jj;m Ul J y 1 - n,m ~ L n,-m J t "J- u- n> jj- m i K^-^^J 

where 

^n,m = lQ n 2-Bn,™, (3.22) 

~ (2) 

is the result obtained for different impurity operators || and Sr\i- n jj- m are the new con- 
tributions only arising for identical impurity operators. They are given byli! 

^ii,n,jj;m = ^ii,n,jj;m ~ \ ^}ii;n,jj;m, (3.23) 

since as explained above only the matrix of anomalous dimensions receives genuine new 
contributions while the inner product contributions have the same form as in the case of 
different impurities. From (|3.19| ) we read 

ST {2) = - — V 1 

ii;n,jj;m 167T 2 ' m ' 



SrV .. =ST (1) = --r (1 ^ , (3.24) 

5T {1) =5T {1) = --T^ 
After some computation one finds (see Appendix E for details) 

giving us the simple result 



{G-W, ffW}« !Bljj;ra = -^K,m, (3-25) 



*rgU m = 0. (3.26) 



Hence, the final expression is 



^ii;n,jj;m ~ ^ij -^g 2 (Bn,m + -B nj _ m ), (3.27) 

which exactly matches the 0(#§) contact term contribution in the string field theory cal- 
culation ffnrp . 

We now turn to the analysis of arbitrary string states. 



13 In order to compute the matrix elements of the mostly double trace operators to this order, 
we would need to know the expressions for (?). 

14 For the detailed computation, see Appendix E. 

15 We use the notation 5A for the new contributions to A due to having identical impurities. 
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4. Generalization to arbitrary impurities 

Thus far we have analyzed the correspondence for string states with two impurities. 
In this section we construct a proof that shows the equivalence between the string theory 
and gauge theory computations for an arbitrary number of impurities. The idea is to find 
a direct link between the Feynman diagrams of string theory and the Feynman diagrams 
of gauge theory, so that the equality between string theory and gauge theory for arbitrary 
states follows diagram by diagram. We first outline the strategy of the proof and then give 
the explicit details of the string theory and gauge theory computation. 

Let's first consider which diagrams in string theory contribute to leading order in the 
expansion, which is of 0(1/ n 2 ). These diagrams will have corresponding contributions 
in the one loop - which is of O(X') - gauge theory computation. We consider matrix 
elements between single string states and two-string states with n impurities each, that is 
impurity preserving^! processes. The impurities can be distributed at will among the four 
directions in R 4 . 

As explained in section 3, in order to compute 0(g%) Hamiltonian matrix elements, 
we must commute the prefactor ( |3.7| ) of the cubic vertex ( |3.6|) through all the impurities. 
These gives us a sum of 2n terms with 2n oscillators each in which the sign of the worldsheet 
momentum of one of the oscillators is reserved. Each term now can be calculated using 
the Feynman rules ( |3.9|) . Each diagram is multiplied by the frequency of the oscillator 
whose worldsheet momentum is reversed when commuting through the prefactor. Now, 
given the SO (8) invariance of the string field theory vertex ( |3.8| ), the oscillators in different 
directions in R 4 completely decouple, so we can concentrate on the case in which all the 
impurities are in one direction. The final answer for arbitrary string states is just the 
product of the contribution along each of the R 4 directions. 

We can now classify Feynman diagrams in terms of the number of self-contractions 
(propagators) in the single string state, that is the number of N^ 33 ^s. It is clear that 
to 0(1/ n 2 ) there can be at most one self-contraction. Since we are looking at impurity 
preserving processes, a self-contraction iV 1 - 33 ) always is accompanied by a self-contraction 
in the two-string state of the type N^ rs \ where r, s is either 1 or 2. Since N^ 33 ^ and 
are of (9(1///), we can have at most one self-contraction to leading order in the 1/ \i 
expansion. This simple observation greatly diminishes the Feynman diagrams that need 
to be considered. We now study the two possibilities. 
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Impurity non-preserving processes are inherently non-perturbative [14|. 
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Let us consider first the case in which there are no self-contractions. In this case 
all impurities in the single string are contracted with impurities of the two-string state, 
so the result is the product of Neumann matrices of the type N^ r3 \(r = 1,2), where 
j\/"(r3) ^ (9(1). In any of the 2n terms one gets after commuting the prefactor through 
the oscillators there is precisely one oscillator with reversed worldsheet momentum. This 
oscillator can now contract with any oscillator in the single string state or two-string state 
depending on whether the reversed oscillator belongs to the two-string or single string 
state. For each such contraction there is a corresponding one in which the sign of the 
worldsheet momentum of the two oscillators involved in the contraction is reverse d0. The 
combination of these two contractions we represent by the vertex (r, m) - — x — — (3, 1) in 
( |3.9|) , where x signifies the action of the prefactor on the oscillators a m ( r ) and 0^(3). These 
two terms combine to yield an expression of 0(1/ n 2 ) due to the leading cancellation of the 
energy difference ( Urn ^ ^l 3 ! ] Q f these two oscillators in the large u limit. Therefore, 

this class of diagrams yields an expression given by the product of n Neumann matrices 
of the type jV^ 3 ** for r = 1 or 2 times the energy difference between one oscillator in the 
single string state and one oscillator in the two-string state. 

We now consider the case with one self-contraction on the single string state. As 
mentioned above, and due to the impurity conservation condition, this self-contraction 
is always accompanied by a self-contraction on the two-string state. Therefore we have a 
contribution of the form A^ 33 - 1 -N^ rs \ where r, s is 1 or 2, which is already of order 0(1/ n 2 ). 
There are now two possibilities to be considered. Either any of the oscillators involved in 
the self-contraction have their worldsheet momentum reversed due to action of the prefactor 
or they don't. If they do not, then there is a contraction connecting the single string state 
with the two-string state involving the oscillator with the worldsheet momentum reversed. 
Just as in the previous case of no self-contractions, such diagram always comes accompanied 
with another one in which the sign of the worldsheet momentum is reversed on both 
oscillators involved in the contraction, yielding the vertex (r, m) - — x — — (3, 1) for r = 1 
or 2. Therefore, in this case, the diagram is proportional to ( L ° m ^ — — ^ ) ■ j\K 33 ) • j\K rs ) ~ 

C(l/^ 4 ), so it does not contribute to the leading order result. Therefore, in the case of one 
self-contraction the only possibility left is the case in which the self-contractions involve 



1 7 

This appears from the term one gets after commuting the prefactor through the other 
oscillator. 
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one oscillator which has the worldsheet momentum reversed due to the prefactor, so that 
only diagrams with the vertex (3, m) - — x — (3, /) or (r, m) - — x — (s, I) for 
r, s = 1 or 2 contribute to the leading order result. 

From now on, let us focus on a particular Feynman diagram and show agreement 
between the string field theory and gauge theory computation. The string states with n 
impurities that we need to consider are given byEH 

\(di,rn)) =r<^ n . )0 n^Vac), 

i 

\(e i ,Pi);l 1 ,Z 2 ;y)) = i n 8j2. Pj ,o S J2 Pfe.o II a pfl vac »^>® Yl \vac, 1 - y) , 

(4.1) 

where the 5-functions impose the familiar level matching condition. The corresponding 
level-matched gauge theory operators are given byS 



Of, n) = - 1 y Tr[Z...Z^Z...Z^Z...Z^Z...Z)X] 



n 



+ terms involving Z with n; = 0, 

i=l 

T J,y =■ o v ' J .q( i -v)- j . w ^ n v . _ v _ n 

(4.2) 

The labels dj, ej G {1,2, 3, 4} denote the direction along R 4 of a string oscillator and the 
corresponding gauge theory impurity, and rii,Pi G Z are their worldsheet momenta where 
ti = exp(27rmi/ J), and Sj = exp(2iripj / J\) for j G Zi and = exp(27rzpfc/«^2) for fe G X 2 . 
Also we explicitly assign a factor of 1/ V~J to each impurity which aids in keeping track of 
factors of J during the computation. T\ and X 2 is a partition of the index set {1, • • • , n}, 
which describes a particular way of distributing the n impurities among string/trace 1 and 
2 respectively. 

Let us explain the gauge theory computation of the two-point function of single- 
trace and double-trace BMN operators defined above and exhibit analogies with the string 
theory computation. At one loop order, that is to O(X'), we can have at most a quartic 



18 The arbitrary phase of the state is determined by comparison with gauge theory. 

19 Here are using a simplified notation for the operators, their precise description is given in 
Appendix G and H. 
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interaction^ vertex, coupling four fields, with two of them contracted with the in-operator 
and the other two with the out-operator. There are three kinds of interaction vertices 
depending on how far the two fields in the same operator are separated: 




nearest neighbor semi-nearest neighbor non-nearest neighbor 



Fig. 2: The three classes of interaction vertices. 



• The nearest neighbor interaction! 2 !! vertex where two fields on each operator coupled by 
the interaction sit next to each other, involves one impurity in the m-operator, and the 
same impurity and Z in the owi-operator. This interaction can occur at O(J) sites along 
the smaller trace operator and we have to sum over the position of the interaction in the 
trace. 

• The semi-nearest neighbor interaction vertex has two fields on one side sitting next to 
each other but the two fields on the other side are separated by O(J) sites. The vertex 
can be inserted only at a particular place along the trace and so we do not sum over the 
position of the vertex. 

• The non-nearest neighbor interaction vertex has the two fields on each side of the inter- 
action point separated by O(J) sites. In this vertex, two impurities or Z are involved in 
the two operators and this is possible only when we have two identical impurities in each 
operator. This interaction can also occur at a specific location in the trace, so we do not 
sum over the position of the vertex. 

The contribution of each interaction vertex is given as: 



or (4.3) 



^gj (i - - *)t, Jl (W* for i e J 2 , 



20 



As shown in [ 45 ] [ 14 ] [ 15 1 the other possible interactions cancel among themselves due to 



supersymmetry. 
21 This terminology was first introduced in [14|. 
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rsemi— nearest 
ni,Pi 



1 9 2 N 
^771 8tt 2 



or 



1 9 2 N 



[(l_ t .) + (l_ f .)](l_ t r J ») forze J 2 



jnon— nearest 

jflj iPj 



1 g!^n _t Ji vi -t Ji ) 



or 



for i,j e Xi, 



for i, j e J 2 , 



or 



l-^Xi-t/ 1 ) forie Ji,jex 2 , 



(4.4) 



(4.5) 



VJJJ1J2 8tt 2 

where /; in ^nf^T^*) denotes the position of the nearest neighbor interaction vertex to 
be summed over. Here each factor of l/y/j or \j\fl~ r (r = 1,2) comes from each impu- 
rity participating in the interaction. The rest of impurities in the in-operator are freely 
contracted with the remaining impurities in the cut-operator and each free contraction 
contributes 



■■(tiSi) 11 for i Eli or 



VJJ< 



t^(Usi) h for i e J 2 . 



(4.6) 



Now we have to multiply all the the different contributions, coming from the interac- 
tion vertex and the free contractions and sum over all possible positions of the impurities. 
However, the whole summation is simply factorized in the large J limit into sums over 
each contribution since each contribution is independent of the positions of the rest of 
impurities: 




Fig. 3: The factorization property of gauge theory amplitudes. 
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The computation of each contribution then essentially reduces to the one or two- 
impurity cases. This factorization property, which as we have seen earlier has an analog 
in the string field theory computation, will turn out to be useful in comparing the gauge 
theory and string theory expressions for Feynman diagrams. As we will see, the effect 

of the prefactor interaction (r, m) x (s, Z) in string field theory is essentially 

captured by the interaction vertex in gauge theory while the sum over free contractions in 
gauge theory capture the Neumann matrices. 

Now, let us start to compute the string field theory amplitudes and compare them 
with the gauge theory results. As discussed earlier, there are two cases to be considered. 

1) Case 1 : Diagrams without self- contraction 

First, let us consider a particular way of contracting the oscillators without self- 
contractions. In this case, without loss of generality, we can assume that di = e$ and 
take the dj-th oscillator to contract with e^-th oscillator for alH G {1, ■ ■ ■ , n}. More specif- 
ically, the j-th oscillator in string 3 contracts with the j-th oscillator in string 1 for j G I± 
and the k-th oscillator in string 3 contracts with the k-th. oscillator in string 2 for k G X^. 
On the string field theory side, using the Feynman rules in ( |3.9|) we can compute the matrix 
elements between these states as in the previous section: 

-((di,ni)\H3\(di,pi);l ly Xi\y)) 



£ 

leii 



'pt(i) 

v-v 



iei 2 



^Pi(2) 

H(l-y) /j 



(3) 



M3) 



N. 



(13) 



Pi,—ni 



TT n^ 13) TT 

11 Pj> n j 11 Pk,n k 



kei 2 



(4.7) 



n {23) TT TT n {23) 

jeii kex 2 -{i} 



Hi,- 



Now let us explain how to match each term above with specific Feynman diagrams in gauge 
theory. 

• I eii 

For each I G Zi, the particular term 

v p ^ y J jei!-{i} kei 2 

arises when the Z-th oscillator in string 1 and string 3 go through the prefactor and contract 
while the rest of the oscillators get contracted among themselves. The pair of Z-th oscillators 
produce 



1 ( ^n,(3) _ Upt(l)\ ^(13) _ J_ 

Pl,—ni 



A* 



y 



j\K 13 ) 

Pl,ni ' 



(4.9) 



18 



SFT diagrams Gauge theory diagrams 

Fig. 4: Diagrams without self-contractions, ( G Ii. The numbers represent the 
direction of the SFT oscillators and the corresponding gauge theory impurities. 



where we have used the large \i relation 



P,-n — 



n 



y 



,n 



r = 1 or 2. 



(4.10) 



The other pairs of oscillators bring down one Neumann coefficient iVp . n- or Np k ,n k - There- 
fore the contribution to the Hamiltonian matrix element due to this diagram ii 



-((di,ni)\H 3 \(di,pi); 2t, 2 2 ;y)) 



i y(l-y) 



J 



pi 



y 



(4.11) 



iv (13) 17 TT iv^ 23 ) 

We claim that this particular term corresponds to the interaction Feynman diagrams 
where two </>/'s are involved in the interaction vertex and the rest of the impurities are freely 
contracted. The contributions come from two classes of diagrams. The nearest neighbor 
diagrams give 

'g 2 N ' 11 



r (i) 

{ni},{pi;Ii,l2}y 



nearest /2/(l 2/) 



J 



X 



8tt 2 
Ji-i 



^) a 



a=0 
J 2 -l 



X 



A-tT... v JJ2 o-O 



jeli-{l} V 1 a=0 A 

whereas the semi-nearest neighbor diagrams contribute 

2 A7 

.[(i-*o+(i-50](i-*f i : 



(4.12) 



,(i) 

{ni},{pi;li,X 2 }y 



semi — nearest 



y(i - y) 



J 



1 g^v , 
Jl-1 



J2-1 



x 



II T^r E (^ s "i) a II "T^r E 

iez x -{i} VJJl 



a=0 



, v JJ2 o _ 



(4.13) 



22 After going to the unit norm basis. 
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where the phases are defined as ti = exp(2nirii/ J), and Sj = exp(2iripj / Ji) for j G X\ and 
Sk = exp(27ri]?/ c / J 2) for k G X2. The subscript / means that only Feynman diagrams with 
</>z's involved in the interaction vertex are included. The first factor in (|4 . 1 2[) and ( ]4.13| ) 
comes from the interaction vertices involving <fii and the rest of the expression comes from 
free contraction of the other impurities. We can compute each factor and express it in terms 
of purely string field theory quantities and show that the interaction essentially captures 
the energy difference factor in the string theory computation while the free contractions 
yield the Neumann matrices. For j G X\ and k G Z2, the free contraction contribution is: 



J1-1 



= (*j*i) a - (-l) n '+^' + V™^ivg 3 7 



'JJx 
J2-1 



) 



a=0 



a=0 



(4.14) 



while the interaction vertex contribution is: 



1 g 2 N 



J1-1 



8tt 2 

1 g 2 N 



A' / nipi 



1)ni + Pl +l e i,n iy x C r {'J^ L ) ^13)^ 



a=0 



yfjJl 87T 5 



[(l_ t| ) + (l-S|)](l-t 



Altogether, we obtain 



2 V y 



T\ni+pi + l inniy v _ ■ 



^1 AX 13 ) 

(4.15) 



r (i) 

{TW}>{Pi;^l)23}X/ 



(-1)' 



A' /y (l-y) 



m 



m 
y 



+ ni 



y 



iV(13) TT ^(13) TT ^(23) 
Pi,n-i J_X Pa'j^j 11 Pk,rik' 

jeTi-{i} fcez 2 



(4.16) 



Notice that all the phase factors except (— l) n disappear upon imposing the level-matching 
conditions. In order to compare with the string theory result, we must evaluate these 



expressions in the string field theory basis (|2.4[ ). In order to compute 



f (1) |, = r (1) L-i{G (1) ,rW|j, 



(4.17) 
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we also need to compute and r^L. They are given by£3: 

n -7Tf = eW n TTfi^'w 



G 



(i) 

{ni},{pi;1 1 ,T 2 }y 



3 iti V/JJ 1 a=0 



-W*^ n ^-fi n *ss, 



jeii kex 2 



A' 



,(o) I = ^fm 

{p i ;X 1 ,I 2 }y,{q i ;X 1 ,X 2 }z\l 2 



<wn<w 



(4.18) 



Hence, 



{Wi}){Pi;2Tl,22}l/ 



v y y jeii-{/} fcex 2 



(4.19) 



which precisely reproduces the string field theory result (|4.11|) . 

• lel 2 





SFT diagrams 



Fig. 5: Diagrams without self-contractions, I G 2~2. 



Gauge theory diagrams 



Now we consider the other type of contraction in the string field theory computation, 
where the prefactor acts on the Z-th oscillator in string 2 and string 3. The expression for 
this diagram is: 

,_ 1)n vO--v) _ <**(.*) TT#<18) TT #(23) 

v p PV y;/ jexi fcei a -{/} 



23 Here we use the large /x relation ( |4.14 ) to rewrite in terms of string field theory quantities. 
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As before, it is convenient to express the contribution from the prefactor as: 



1 ( U ni (3) _ U Pl (2) \ ^(23) 



2 V fi nO--v)J vu ~ ni V V 1-2/ 



pi 



aK 23 ) 



(4.21) 



where we have used the large \i relation (|4 .10 ). Therefore, the contribution of this diagram 
to the Hamiltonian matrix element of unit normalized states is: 



- ( ( di , n i ) | H 3 1 ( di , Pi ) ; X t , X 2 ; y ) ) 



Ay? 



i y(i-y) 



J 



jeii kex 2 -{i} 



(4.22) 



Pk ,rik 



The corresponding gauge theory diagrams are again classified into two classes. The 
nearest neighbor diagrams yields 



.(i) 

{ni} 1 {Pi\1 1 ,X 2 }y 



nearest 



2/(1 - y) 



j 



X 



Q 2 N , . , 1 ^-^ j , 

\^ {1 ~ ti){1 ~~ si) 7m^ i {tfsi) 



Ji-i 



6=0 
J 2 -l 



X 



jsi, vJJl 



feex 2 -{i} v ^ 2 b=o 



(4.23) 



whereas the semi-nearest neighbor diagrams contribute 



.(i) 

{ni},{pi\X 1 ,X 2 }y 



semi— nearest 



viX-y) 
j 



1 g 2 N 

y[JT 2 8tt 2 



[(i-tO + (i-^)](i-^ Jl ) 



Jl-1 



J2-1 



X 



n 77^? e n -t^e^* 



ieii v JJl a=0 



kex 2 -{i} v ^ 2 &=o 



s fc ) 6 . 



(4.24) 

We can also express the various contributions in terms of string field theory quantities. 
The interaction vertex contribution is given by 



g*N 
8tt 2 



(1- 



iv( 23 ) 

Pl,nO 



= 0[(! - *«) + (1 " *)](! - t) - (-l)- +1 e— x £ („ t - ^-J ., p|>n „ 



j\K 23 ) 
(4.25) 

whereas the free contraction ( f4.14| ) yields the product of Neumann matrix after imposing 
the level matching constraint. 
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In order to compute the matrix of anomalous dimensions in the string field theory 

basis we need also and I^ ) . It is easy to show that these quantities are the same as 

l 

in ( [4.18 ) except for the last formula which can be correctly obtained by replacing y — > 1—y. 
Therefore, using ( 4.17 ), we obtain: 

A ' »'_) #(23) TT #(13) TT #(23) 

y ) Pl,nt 11 Pj,n-j 11 Pfe.^fc' 



f(l) 

{ni},{pi;X\,Xi}y 



(-1)' 



J 



m 



l 



jeii 



kei2-{i} 



(4.26) 



and again we find agreement with the string theory result ( [4.22 

2) Terms with self- contractions 

As explained in the beginning of this section, to leading order in the 1/fj, expansion 
we can have at most one self-contraction in string 3 and the prefactor has to go through 
any of the oscillators involved in the self-contraction. 

Without loss of generality, we can assume that d\ = d,2, e± = di = e% for % G 
{3, • • • , n} and we will consider contractions between d\ — cfe, e.\ — e-i, and di — for 
i G {3, - • • , n}. There are three cases depending on how the 1st and the 2nd impurities are 
distributed on the two-string state and the double-trace operator: 1, 2 G Xi, 1, 2 G X 2 and 
1 GXi, 2 GX 2 . 

• 1,2 eli 

3 _ 

- 4 

.4 





SFT diagrams 



Gauge theory diagrams 



Fig. 6: Diagrams with self-contractions, 1,2 G Xi 



The string theory computation of this particular Feynman diagram is: 



1 



((di,ni)\H 3 \(ei,pi);Ii,l2;y)) 



-(-1) 



^PlW+^-Wl) ^ ^(33) #(11) 
/'.'/ 



ni,n 2 pi,— P2 



^m(3)+^n 2 (3) ^ ^(33) ^(n) 



"1,-12 Pl,P2 



ieZi— (1,2} fcex 2 



(4.27) 
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The first line in (|4.27| ) is due to the self-contractions while the rest is due to the contraction 
between oscillators in the single string state with the two-string state. 
The self-contraction contribution is to the leading order in 1/fx: 



UJ P1 (1) + ^p 2 (l) \ ^ (33) ^(11) _ / ^m(3) +^n 2 (3) \ ^(33) ^(11) 



»1,12 Pl,~P2 



na Pi,P2 



(4.28) 



2iV( 33 ) 



Therefore, the matrix element of unit normalized states is given by 



-((di,rai)|i?3|(ei,Pi); Xi,X 2 ;y)) 



1-2:1-2 



-2f-in/^ ^1 iv (33) iv (n ) TT iv (13) 17 iv (23) 

\ J y j m ,«2 Pi ,Pa 11 Pj> n j 11 Pfc,™fc' 



(4.29) 



jeXi-{l,2} fc€X 2 

We now show that the corresponding gauge theory diagrams are those with an inter- 
action vertex involving (fidi^d* or Z in 0^ n ^ and <p ei ,(f) e2 or Z in T^p.y^ z 2 - I n this 
case, only non-nearest interaction diagrams contribute and the result is: 

g*N i 



{rii},{Pi^l^2}y 



non— nearest 



1-2:1-2 



yiX-v) 

J 



1 

Jl-1 



(l-tfxi-tf: 



Ja-l 



ieXi-{l,2} V 1 a=0 



The interaction contribution reduces in the BMN limit to 

1 g2N (i-t( 1 )(l -t Jl ) - c ^(^+^)y\' sin ^ niy ^ M 71 " 7 ^) 



VJJJiJi 8tt 2 



27T 2 y 



(4.30) 
(4.31) 



rvj _0/'_1 N |"l+^2+Pl+P2 „7ri(ni+n 2 )y at(33) /vH 11 ) 
— V / C «-i,n 2 pi,p 2 5 

while the rest can be rewritten in string field theory language using ( ^.14[ ). Again the 
various phase factors disappear after imposing the level matching condition on each trace. 

In order to compare with string field theory we must go to the string field theory 
basis. However, the particular class of Feynman diagrams we are considering, which are 
those with an interaction vertex involving (j)d 1 ,4 > d 2 or % i n ®(a n .\ an d 4 > e 1 i4 > e 2 or Z m 

. Therefore, in this case (|4.17|) yields: 



% ' v w t do not contribute to r^ ^ 



'.(1) 

{ni},{pi;Ti,X 2 }y 



non — nearest 



1-2:1-2 



--2(-l) 

which agrees with the SFT result ( |4.27| ). 



~ 2/) ^(33) i y( 



niV(13) TT ^(23) 
Pj> n j 11 Pfc,™fc' 

jezi-{i,2} kei 2 

(4.32) 
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SFT diagrams 

Fig. 7: Diagrams with self-contractions, 1,2 6 2b 



3 

Gauge theory diagrams 



The string theory computation of this particular Feynman diagram is similar to the 
previous one: 

-((di,ni)\H 3 \(ei,pi); Zi, T 2 ;y)) 

= ( -\\n yQ--y) 17 UJ Pi(2)+^ P2 (2) \ ^ (33) ^(22) _ ( ^ni (3) + ^n 2 (3) \ ^(33) ^(22) 

2 L\ Mi-y) / ni ' n2 P1 '" P2 V a» / ni '" n2 P1,p: 

11 Pj^j 11 ±y Pk,n k - 

jeii feex 2 -{i,2} 

(4.33) 

The self-contraction contribution is to the leading order in 1///: 



1 

2 



^pi(2) +^ P2 (2) ^ ^(33) ^(22) 



"1,12 Pl,-P2 



^m(3) +^n 2 (3) ^| ^(33) ^(22) 



11,-12 Pl,P2 



— ^-"ni,n 2 -"pi,P2 - 



(4.34) 



Therefore, the matrix element of unit normalized states is given by 



-({di,ni)\Hz\{e h pi);Z u Z 2 ;y)) 



1-2:1-2 



~_2f-irJ^ ylfiiM) n^) TT iv (13) TT iV (23 ) 

— V / y J iv ni,n 2 iv pi,p 2 11 Pj,nj H ly Pk,n k - 



jeTi 



fcex 2 -{i,2} 



(4.35) 



We now show that the corresponding gauge theory diagrams are those with an inter- 
action vertex involving , 0^9 or Z m \ an d </> ei > ^e? or Z in 7^ J ' y v _ T . In this 
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case, only non-nearest interaction diagrams contribute and the result is: 



{rti},{pi;Xi,T2}v 



1-2:1-2 



-nearest V) 



J 



1 g 2 N 



VJJJ2J2 8tt 2 



J2-1 



x 



fe€Z 2 -{l,2} v ^ 2 6=0 



(4.36) 



The interaction contribution reduces in the BMN limit to 

1 9 * N r \-t Jx )(l-t£) = e ^("i+^)j/y!. in ( 7r71 ^) sin ( 7rn 22/) 



VJJJ2J2 8tt s 



2tt 2 (1 - J/) (4.37) 

\ > C ri 1 ,n 2 Jv pi,p 2 ' 



while the rest can be rewritten in string field theory language using (|4.14 ). Again the 
various phase factors disappear after imposing the level matching condition on each trace. 

In order to compare with string field theory we must go to the string field theory 
basis. However, the particular class of Feynman diagrams we are considering, which are 
those with an interaction vertex involving (frdi, <j>dk or % m ®fd- n ) an< ^ 4 > e 1 i4 > e 2 or % in 



% ' v \ t t do not contribute to r^ ^ 



{di,m) 

Therefore, in this case (|4.17|) yields: 



f(i) 



non — nearest 



l-2;l-2 



-2f-n n J— ^iv( 33) A>( 22 ) TT iv (13) TT iv (23) 

jeii feez 2 -{i,2} 

(4.38) 

which agrees with the SFT result Q4.33| ). 
• 1 E Ji, 2 G J 2 





SFT diagrams 



Gauge theory diagrams 



Fig. 8: Diagrams with self-contractions, 1 6 Zi, 2 £ 2~2- 
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The string field theory computation of this particular contraction term is: 



-((di,ni)\Ha\(ei,pi);X 1 ,T2iy)) 



= -(-!)' 



-y) 



u PiW ! ^2(2) W (33) jy-(12) /a; ni (3)+^n 2 (3)Y ^(33) ^(12) 



My 4 /"(1 - y) 



ni,"2 Pi,— P2 



"711,-712" "Pl,P2 



jgZi-{l} fc6X 2 -{2} 



(4.39) 

The first factor which is the result of the self-contraction between the single and two-string 
state, is to the leading order in 



^PiW + U P2(2) ^ ^(33) ^(12) 



711,712 Pl,-P2 



m(3) + w n 2 (3)^\ ^(33) ^(12) 



Til,— 7l 2 Pl,P2 



(4.40) 



2iV( 33 ) i\K 12 > 

7i 1 ,n 2 ^'pi,P2' 



Therefore, the contribution of this Feynman diagram to the matrix element of unit nor- 
malized states is given by: 



-((di,ni)\H 3 \(ei,pi); Ji,X 2 ;y)) 
A* 



1-2:1-2 



2(-i) n * h^l ^liv (33) iv (12) TT iv (13) TT iv^ 23 ) 

V / y J ni,n 2 Pi,Pa 11 Pj, n j 11 Pfc,7i fe - 



(4.41) 



jezx—fi} fcex 2 -{2} 



Now let us compute the corresponding gauge theory diagrams with an interaction 



vertex involving 0^, <fid 2 ° r ^ m 0^ d , n ^ and ei , <p e2 or Z in 7^ 



/' y n t- t • The result is: 



.(1) 

{"i},{pi;Xi,X 2 }7/ 



l-2;l-2 



-nearest /2/(l 2/) 



J 



1 # 2 iv , 

VJJJ1J2 8tt 2 



(1 -«*)(!-#) 



Ji- 



>< n ^eW n ^eVc** 



fc6Z 2 -{2} v ^ 2 b=0 



(4.42) 



The interaction part of the diagram reduces to 
1 9 2 N 



VJJJ1J2 8tt 2 



(1 - - t£) = - e ™("i+"2)j/ A 



, sin(7rniy) sin(7rn2j/) 



27r 2 Vy(i-y) (4.43) 

9f_1 N | n l+ n 2+Plp 7I "*(7ll+7l2)j/ /\V( 33 ) /V( 12 ) 

" e iV ni,n 2 iv pi,P2' 



while the rest of the diagram, the free contraction contribution, can be computed using 
(fTTJj) making the phase disappear after imposing the level matching condition on each 
trace. 
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Just as in the previous case, the Feynman diagrams we are considering do not con- 



tribute to r(°) 



so that their contribution to the matrix of anomalous dimensions in the 



string field theory basis is given by 



f(i) 



semi— nearest liifl iA 

- -2(-l) n - ' y{ y> 



1-2:1-2 



jy(33) ^(12) TT ^(13) TT ^(23) 
jeXx-il} kET 2 -{2} 

(4.44) 



which agrees with the string theory result ( |4.41 ). 



5. Conclusion 

In this paper we have computed string interactions between string states with an 
arbitrary number of scalar impurities. Using the holographic map proposed in f?|]|| and 
the basis of gauge theory states in || we have exactly reproduced all string amplitudes 
from gauge theory considerations. The calculations have been carried up to 0{^g^) for 
the case of two identical impurities and to 0(g2) for arbitrary impurities. The precise 



agreement found gives strong support to the validity of the holographic map (L2) and 
the basis of gauge theory states in ||. The ©(fiff) computation has been performed in 
string field theory by truncating |0| by hand the allowed intermediate states. With this 
truncation we get precise agreement with the gauge theory calculation. It is desirable to 
understand whether the truncation is necessary. 

While considering arbitrary string states, we have found that there is a direct cor- 
respondence between the Feynman diagrams of gauge theory and the string field theory 
Feynman diagrams that contribute to a given amplitude. This diagrammatic correspon- 
dence is specially powerful when we consider general string states, in which new classes of 
Feynman diagrams appear as compared to the case with two different impurities. In par- 
ticular we have shown which interaction vertex in gauge theory corresponds to which string 
field theory vertex arising from the action of the prefactor. Likewise the various Neumann 
matrices in string theory have been derived from purely field theoretic considerations as 
arising from various free contractions in gauge theory. 

The diagrammatic equivalence between gauge theory one loop diagrams and string 
theory diagrams might be useful in deriving the duality, which is an important open prob- 
lem. It would also be very desirable to represent the degrees of freedom of the BMN sector 
of M = 4 SYM by a complete theory, without any truncation. Holography strongly sug- 
gests that there should be a quantum mechanical model which describes the BMN sector 
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of M = 4 SYM and at the same time captures all the physics of string theory in the plane 
wave geometry. An important step in this direction is the string bit model of Verlinde |T(J , 
but a suitable non-abelian generalization of it remains to be discovered. 
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Appendix A. Asymptotic behavior of Neumann matrices 



In this appendix we present the asymptotic large \i behavior of all Neumann matrices 
in the exponential basis. These can be obtained from (m, n ^ 0) 

Ntl = -(M r n„\-<rnn)N (r ,± ,,), = ^=N^ a L = iV (r s) , (A.l) 

m,n 2 V I 771 !)! 71 ! ~\ rn \>~\ n \ m,U |m|,0' U,U U,U ' \ / 

where e(m) = sign(m) and the asymptotic behavior of Neumann matrices in the cos/sin 
basis in [|2| : 

I ~\\m+n 



4njjy 
( i\m+l 

4nfjty/y(l-y) 

j\K 22 ) ~ - 

~ 4^(1 - y) 

~ (13) ^ (_ 1) m+n+i sinmry 

" yr^n - m/y) 
#(23) _ (-l) n sinn7ry 



(A.2) 



ttVI - y(n - m/(l - y)) 

#(33) _ 



— l) m+n+1 sin m7ry sin nny 



7T/i 

For the computation of the contact term, we also need in the exponential basis 
(n ? 0) ^ 

^n(r) = 7/^|n|(r)' ^0(r) = F 0(r)- 

and the scalar quantity k and fermionic Neumann matrices Y. Using again the results in 
], we have 

F+ n ~(-ir +1 ^(l-y) 

F{2)n ~ VK1-V)V (A.4) 
(— l) n+1 ny(l — y) simmy 

p _ (-l)«+l n (l-y) 



F- ^ - wy (A.5) 
F~ )n ~ 2^(1 - 2/)(-l) n+1 sinTrny. 
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— - , (A.6) 



^Ja-.r ? "<^ v^ ( - 1)n+1 - (A ' 7) 



Appendix B. Matrix elements 

The definition of various matrices appearing in G and T on the gauge theory calcula- 
tion are given as follows. 

2-impurity matrix elements (|m| 7^ |n|,m ^ 0, n ^ 0,p e Z, < y < 1) 

r _ r _ y 3/ Vl -ysin 2 (7rny) 
1 sin 2 (7rny) 



Cn,y — Cy )U — 



yfjn 2 n 2 



Mi =1-^— + _L_ 

n ' n 60 24tt 2 7i 2 16tt 4 ?i 4 

M = h 



48jt% 2 128ir 4 n 4 
M 1 = 1 1 + 1 + 



n ' m 127r 2 (n-m) 2 87r 4 (n-m) 4 47r 4 n 2 m 2 8yr 4 nm(n - m) 2 
r (i) =r (i) = y n 2 C (B.l) 



r£ 2 > =aWm|+1d 



n,m n,m ' S>yj-2 n,m 



£L „ — — A' 



2 



^ ^ ; 2 2 2 
XL ™ = A - H tt^t + 



n ' m ^ 3 7T 2 72 2 7T 2 m 2 

1 5 



3 2yr 2 n 2 

o 15_ 

n '" n " 8yr 2 n 2 

7? - 3 I 



2ir 2 mn 2-K 2 {m — n) A 
n-impurity matrix elements 
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G 



(i) 



G 



(i) 



{ni},{pi;X 1 ,X 2 }y {p i ;T 1 ,T 2 }y,{ni} 

/a 



^ vV 1+1 V / ( 1 - ^) n2+1 TT sin(7mj2/) -pr sin(7m fc (l - y)) 



r (i) = r (i) 

{n i },{p i ;X 1 ,I 2 }y {pi\X\ ,X 2 }y ,{rn} 



x G 



E 

(i) 



y 



+ n 



Pi 



+ E 

kex 2 



nk - 



Pk 
1-1/ 



i-y 



{ni},{pi;Ii,2T2}l/" 

where ni = \Ti\, n% = \X%\. 



(B.2) 



Appendix C. Calculation of supersymmetry charge matrix elements 

In this appendix we shall show explicitly how to reduce the supersymmetry vertex in 
IIJ to our simple formula ( pM5p when we assume the external state to have two bosonic 



impurities and the intermediate state to have one bosonic and one fermionic impurity. See 
also g|. 

The Hamiltonian and supersymmetry charge vertices in are given by: 
\H 3 ) = c((l + iiak)(K\ - Kl)(K J + + KL) - fxa8 ij y ij (Y)E a E b E bo \0), 
\Q 3 a) = c(l + m k) x l\K\ - Ki_ ) s\ (Y)E a E b E b0 1 0) , (C.l) 
\Qsa) = c(l + nak) x/2 {K\ + K l _)s l a (Y)E a E b E bo \0). 
Various constituents of the prefactor, K±, v l i s\ = —i\^{'r}s\ il -\-f}s\ fj ) and s\ = iy/2(fjs\ il + 
rjSza) are given as 

3 oo 

n = E E % 



it 

i(r) m(r)' 



r=l m= — oo 
3 oo 



(C.2) 



K - = E E ^ 



»t 



m(r) m(r)' 
r=l m= — oo 



1 



ij = ^ + 4^2 Cc^^^ + ^^e abcdefgh Y a ■■■Y h 

f 2\a lab + 2!6!a 37a6 cde/s " ' 

1 * i i ( c - 3 ) 



t i -ya I i abc 

~ ' ail 3!5!a 2 abcil de fgh 
11 1 

J- n.i \ro-\rb\rc , i a \r b \rh 
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where Y a reads 

3 oo 



Y a = V2Y (a {1) \? 2) - a {2) X a (1) ) + ^ E Y m(r)b%, (C.4) 



r=l m=l 



with 



and 



J_ / &S(3) 

)(r) J "" V2 \ 6 o(3) 



Fo = Po ( 1 o) + ^(° 0- ( c - 6 > 

^n(l) = Y n (l) K Q ^ , ^n(2) = K(2) K Q ^ • (C7) 

Note that in the matrix representation of (|C.5| ), ( |U.6|) and ( |U.7| ), the upper (left) entries 
denote the components with spinor indices a = 1, ■ ■ • , 4, while the lower (right) ones denote 
a = 5, ■ ■ ■ , 8. Also E a , E\> and Ebo come from the overlapping condition of bosonic modes, 
fermionic non-zero modes and fermionic zero modes, respectively 

/I 3 00 ~ \ 

Ea = e^(-J2 E 4)m^n ] 4 )n ), (C8) 
^ r,s=l m,n= — co ' 

1 4 8 

= 24 II^v^W^i) + V^) h t) + 6 (3)) n(v^O) & (i) + V^(2) + &(J)). (C9) 

a=l b=5 

and the explicit expression of Eb is not necessary in our analysis. Finally the "ground" 
state |0) is related to the "vacuum" state with the lowest energy by: 

i°)=n 6 a)n 6 (2)n^)i vac )- ( c - iq ) 

a=5 &=5 c=l 

Now we would like to calculate the supersymmetry charge matrix elements 

Qn,m(s) = ( VaC K(3)"-n(3)«m( S )^|(^( S ) ~ *e(m)&l m(a) ) \Q h ) , (C.ll) 

where we assume the external states to be two bosonic impurity states and the intermediate 
states to be states with one bosonic and one fermionic impurity. The supersymmetry charge 
matrix elements under this assumption will be greatly simplified. We find the (Y) 1 and 
(Y) 7 terms in ( |C.3| ) vanish and the (^) 3 and (^) 5 terms reduce to ( |3.15| ). 

33 



The typical matrix element of the supersymmetry charge ( Clip is 



(vac|< ( 3 ) a l _ n( 3)^( s) ^|(^( s ) " le^bt^K^E^EM, (C.12) 

where £ denotes the number of fermions in the expression ( |C.3| ) . First of all, let us concen- 
trate on the zero mode 6 (3) operators. Since we only have 6 (3) m an d |0), all the 6 (3) 
operators should cancel out to obtain a non-vanishing contribution. The only possibility 
is that 6q( 3 ) (a = 1, ■ • ■ , 4) in E^q cancels those in |0) and we never use (b = 5, • ■ ■ , 8) 
in Ef,Q. Using this fact, our typical matrix elements become 

1 8 
(vacK (3) a l _ n(3) a^ (s) - 7 =(6l (s) - le^bi^^Y 1 E a E m [[ ^0(1,2) I vac > ' ( C - 13 ) 



a=5 



with 2 ) meaning 6^-^ or 6q( 2 )- Next, let us concentrate on the zero mode 60(1,2) 
operators. In case of £ = 1, we will not have enough annihilation operators to cancel all 
the leftover zero modes in |0). In case £ = 7, we use four of b{Y) to cancel the zero modes. 
But the rest must all be the creation operators and now we have too many of them. If 
£ = 3, exactly four operators in b(Y) 3 are used to cancel the leftover in |0). If £ = 5, 
four in b(Y) 5 are used to cancel. Since Y does not have both the creation operators and 
annihilation ones for the same operator, two of the F's cannot cancel each other. Therefore 
we have to choose four operators in Y to cancel the creation operators in |0) and let the 
remaining Y's be cancelled by the b of the intermediate state. 
For the (^) 3 term, only the zero modes contribute: 

~ YoiF&o^X + F$)n^% + (C14) 

For the (X) 5 term, besides the zero modes contribution, the non-zero modes also contribute 
as: 

Using the large \i behavior of various Neumann coefficients in Appendix A, we find that 
-FV^iV^ 13 ) gives the leading contribution. Besides, from the symmetry of the Neumann 
coefficients, we have 

Therefore the only relevant matrix element of the supersymmetry charge comes from m 7^ 
0. 
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For the analysis of the normalization of the contact term, let us be careful about the 
overall factor. Since 



(a(i)V^ & o(2)- a (2)V^ 6 o(i))(V^^ = -V a (i) a (2)l vac >' 

(C.17) 

for a = 5, • • • , 8, from the cancellation of the fermionic zero modes we have an extra factor 
of 



co=[—^—)- (C18) 
Taking it into account, we find that the only non-trivial contribution is: 

QnMs) = ir^^T^^ ahc ^f^ + F- )n N^ 3 l n ). (C.19) 

To fix the overall normalization, let us compare the supersymmetry charge matrix 
element with the Hamiltonian. If we restrict the external states to be purely bosonic ones, 
we also have the same fermionic zero mode factor cq in the Hamiltonian matrix element: 

|i? 3 > = ^(1 + ixak){K\ - K\_){K{ + KL)t% 7s E a \wac) 

__2cc f y(l-y)\ A ^ u<r) . (C.20) 



{ 2— ) 22 22 ^ a »(r)«-»(r)Sa|vaC>. 

' r=l n= — oo v ' 



a 2 

In the final step, we have used the formula derived in |[46|| . Comparing our final expression 
with (|3.6| ) whose normalization factor was determined in by comparing the string 

field theory result with a gauge theory computation, we find that 

^ = 1. (C.21) 

Appendix D. Formulas for calculating the contact term 

The necessary summation and integration we need to calculate the contact term are 
the following ones: 

— - (is) , 7 (i3) _ (-l) m+n sin(n - m)iry 



i,n i,m n(n-m) 
T (D.l) 
V /V (23) /V (23) - sin ( n ~ HM 1 - ?/) 

/ j l,n I. 



l=-oo V ; 
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Also, 



f 1 ^ m+n sm rrmy sin ivny f l+n f smirjm - n)y _ sin7r(m + n)y \ n _ 
J Q V[ J tt 2 V V Tr(m-n) n(m + n) J [ V} 



f smn(m — n)(l — y) sin7r(m + n)(l — y) 
\ 7r(m — n) 7r(m + n" 

1 

+ 



4n 4 (m-n) 2 47r 4 (m + n) 2 ' 
Z" 1 sin 2 ixny \( sin27rm/\ / sin27m(l-y)\ 

I dy —^{{ y -^r) {1 - y) + { {1 - y) 2^ — > 



i /i 



+ 



2tt 2 V 3 8tt 2 7i 2 



(D.2) 



Appendix E. computation 

In this appendix, we explain the details of the computation of f^ 2 ) matrix elements 
for the operators with two impurities in the same direction, as discussed in section 3. The 
following identity will be useful throughout the computation: 

C n ,py = C—n,-py (E-l) 

As in (|2~4|) , f ( 2) is given by: 

f (2) = r (2) _ 1 {G (2) j r (0) } _ 1 r (l) } + ^ {G (1)2 7 r (0) } + ^ G (1) T (0) G (D_ (E .2) 

Here we shall compute all the terms and show that reduces to Q3.27Q . 

Our strategy is to split each matrix element in (|3.19| ) into a part proportional to dij 
and a part coming from extra diagrams. More precisely, we have 

r (1) =5- (r (1) +r (1) )+<sr (1) 

nn,jjqz ! J \ ii,9Z 1 —n,qzj 1 WJ -n,qzi 

rfiU, = (rgl + r« ,) + <&r£l, ( E - 3 ) 
r (2) .. =5--Cr( 2 ) +r (2) 1 + 5r( 2 ) 

iin,jjm u ijy-n,m 1 n,— m/ 1 UA - n,rm 

with 

af(i) = _Ir( 1 ) 

5r ( 2 ) = — —v 1 . 
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As a preliminary computation let us consider (G^ 1 **) 2 : 

—py,m 

J ° \p=l J 

,1/2 

-+- J I dy1C n ^y1Cy )rn 
Jo 

J I dy ^ ( C rL pyCpy rn -f- C n,pyC py ) "I - 2«7 / dyC n yCy m 
Jo T1= __ v 7 ./o 



(E.5) 



p= — oo 



= -fM 1 +M 1 V 

2 V n,m ' n,—mj 

Here we have to be careful about the extra normalization factor 1 / \[2 for zero modes as 
explained around ( |3.19| ). Note that originally in the first line we sum only over positive 
integers the product of two terms. One of the terms is the product of two contributions 
with opposite worldsheet momentum. But with the help of ( E.l| ), we can rewrite these 
cross terms into the summation of two terms over all the integers, with still one of them 
carrying the reversed external worldsheet momentum as in the second equation in ( |E.5|) . 
Since one of two terms is identical to the one arising for operators with two impurities 
in different directions, we can perform the summation and integration easily and add the 
other term by reversing the external worldsheet momentum. This kind of mechanism 
happens everywhere, also in the computation of T^ 2 \ Therefore, the naive expectation of 
r( 2 ) is obtained by adding a term with the external worldsheet momentum reversed: 

f (2) =5-.(T (2) + f (2) ) = 8- 1 (B +B ) (E6) 

L nn,jjm u iJ \ L n,m ' L n,-m) u «7 ^Q n 2 \ "> m ' u "r"ti 1 K^-V) 

The only point we have to be careful with is whether ( |E.4| ) will give a non-trivial contri- 
bution. 

Let us postpone the effect of (|E.4|) and concentrate on the dominant contribution to see 
whether the results have an additional contribution of reversing the worldsheet momentum, 
as compared to the case of operators with two impurities in different directions. Now it is 
quite trivial to calculate terms involving in flE^) such as {(G^) 2 , 1^°)}, G^T^G^ 
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and {G( 2 \ r(°)}. They are given by: 



n + m 



-ml i 



pi 00 p2 
(~^( )p( )(^( ) J I dy .ifln^py Cn,— py) g (^PJ/j'Tl py,m) 

p=° ^ (E.7) 

•^0 p=-oo ^ f 

{G (2) ? r (0) } = (n 2 + m 2 )(M l + M l J. 



Let us turn to the term involving r' 1 ) in ( |E.2| ), but ignoring the effect of ( E.4|) . It is given 
by: 

(r (1) - 5r (1) )} 

«i 00 ^ 

■'o p=l 2 

«1 OO 

+ J / y~](r^ w + r^_ py )(Cpj /im + C- p y j7n ) + -(r^ Oy + r^ y)(C0y,m + Coy,m) 

^ p=l 1 

+ J [ 1/2 dy(4C n , y Tl m + 4Tl y C y , m ) 
Jo 

= J I dyl ^ (C njPy T py m + Fn,pyCpy,m) + {C n ,y^ y,m ^n,yCy,m) ( 
Jo lp=-oo J 

+ J / <%< ^ ] (C nj p y r p y _ m + T n py C P y^— m ) + {C n ^yT y _ m + T n y Cy t - m ) >. 

^0 lp=-oo J 

(E.8) 

Also if we ignore the effect of ( |E^[ ), T^ 2 ) also has the same additional contribution, as seen 
in ( |E.3| ). As promised, all the results come paired with (n, m) and (n, —to), where the first 
group of terms adds up to give the same result as for the case of two different impurities. 
Now let us consider the contribution of 5r's to f^ 2 ) 



8f^ = 5T^--{G^,8T^}, 
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(E.9) 



that we have not taken into account so far. We can compute the second term as before: 

{G^ ^ , ST ^}iin,jj 



,33™, 



+ j / 1 ^|f;(-^ r S,)(^ > 



- r (i) 

2 Oy,m 



m + C— py,m) + ( o^^y )Coy,m 



+ J / d!/(2C„, t 



>w) + (-irw)(2C 



2 i ™2 /■! 



~n I dy ^ ] ^^n,pyrOy,m ^n,0y^py,rnj ^ ^ / dyC n ^yCy^ m . 



p= — oo 

Using the formula 



(E.10) 



jfdy± ^A !m = ^(l + -A_), (E.ll) 

and the summation formula in the appendix of ||, we obtain 

{G^,5T^} iinJjm = -g^< m > (E-12) 
which precisely cancels 5T^: 

5f {2) = 0. (E.13) 

Therefore we find that (|E.6|) is exact. In section 3 and appendices B and C, we saw that 
this result is correctly reproduced from the contact term calculation in string field theory. 



Appendix F. Anomalous dimension of the singlet operators 

In this appendix we shall calculate the anomalous dimension of the operator with 
two impurities in the same direction, using the perturbation theory. This calculation has 



essentially been done in |15| by diagonalizing the matrix of two-point functions in the BMN 
basis. Here, we perform the calculation using the string field theory basis and it serves as 
a consistency check of the evaluation of f^ 2 ) in the previous appendix. 
In perturbation theory the eigenvalue at is given by: 

f l oo 4 /p(l) n2 »i/2 4 \2 

a< 2) = j J-TZi + J *£ "y + ?SUn- (F-i) 

Jo p =0 j = l y 1 y Jo j=l 
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Using the following relations 

f (i) = i r (i) 

n,py 2 n >°!/' 
f (1) = i F (l) 



(F.2) 



can be rewritten as: 



p= — oo 



Now let us proceed to evaluate each term. The first term is 

i r 1 J i-s/ . 



2tt 4 



/ d J/ sin 4 (7rn2/) V ^-^ = — 4 2 , (F.4) 



p= — oo 



and the second term is simply reduced to the integration of (C nj:y ) 2 , whose result can be 
found in ||: 

Consequently, the anomalous dimension of the singlet operator is 
A ( 2 ) - 3 3 1 / _ v 1 (I 35 \ 



which as explained in ||15|| [16| is the same as the operators transforming in the 6 and 9 
representations of 50(4). 



Appendix G. BMN operators in complex field notation 

In the main text, we have used real scalar field notation to define BMN operators with 
arbitrary combination of impurities. In this case, we have four kinds of scalar impurities 
01) 4>2, 03) 04 which can be inserted, and a subtlety arises when two identical impurities 
collide. In this appendix, we study the same problem in the complex scalar field formula- 
tion. In this formulation, there are also four kinds of impurities $, $, First, we want 
to see if BMN operators with anti-holomorphic insertions are well defined in the BMN 
limit. For example, let us consider $ and \I/ insertions: 

1 J 

**» n J TAT.T+2 V > V ' 



**' n Vjn j + 2 

V J iV l=Q 
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From the original Lagrangian of Af = 4 SYM theory, it is easy to see that there is a 
symmetry which maps </>4 to — </>4, thereby transforming \I/ to \I/ without changing Z and 
$. From the ten-dimensional Af = 1 SYM viewpoint, it is just the reflection along one of 
the internal directions. In terms of an Af — 1 superfield formulation of Af = 4 SYM, it is 
equivalent to treating Z, $, \I/ as chiral superfields instead of Z, (The original D-term 

potential and F-term potential should regroup to give the same form of D-term and F-term 
potential in terms of Z, $, Therefore, the Feynman diagram computation is identical 
to that for BMN operators with $ and \& insertions, as it should be because in terms of 
the real scalar representation the four impurities are equivalent as far as same impurities 
do not collide. Hence, we conclude that the four complex impurities are equivalent in the 
dilute gas approximation. 

Now let us think about the subtlety arising when two impurities collide. In the real 
scalar representation, only when two same impurities collide we had to add an extra term 
with Z insertion. In the complex scalar representation, this extra term is necessary only 
when $ and $ collide or \1/ and \& collide. This can be understood from the action of R- 
symmetry generators on the BMN operators. (See also |35fl .) Let us denote the /^-symmetry 
generator of the rotation on <pi-<pj plane by R^ = —Rji- More precisely, 

Rij ■ (pj = (p i: R^ ■ (pi = -(pj. (G.2) 

Then define 

1 . 1 

R<$>z = — (R15 + -R26 + 1R25 — iRm) > R$z = g (-^ 15 ~~ -^ 26 — — iRw) • (G.3) 



Their actions are given as 



R§z ' Z = $, R&z ' $ = — Z, Rqz ■ Z = R^z ■ $ = 0, 
Rq>z ■ Z = R$z ' ^ = R$>z ' % = R$z ■ $ = 0, 



(G.4) 



and likewise for R^z and R^ z - BPS BMN operators can be obtained by acting these 
generators successively on the vacuum operator Tr(Z J ). For example, if we want to insert 
$ and \I>, we act with Rq> z and R^z on Tr(Z J+2 ), 

/J+i \ J 

R*z -(R^z- Tr(Z J+2 )) =R^ Z - [J2 Tr(Z l $Z J+1 - 1 ) = ( J + 2) ^ Tr($Z^ Z J ~ l ). 

\i=o / 1=0 

(G.5) 
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Since R<s>z • $ = 0, we don't have any extra term arising when R^z acts on $. It is also the 
case when we insert two $'s because R<$>z ■ $ = 0. Now let us consider $ and $ insertions. 



R 



(R*z ■ Tr(Z J + 2 )) = R^ ■ Tr(^$Z J+1 " z ) J 
= (J + 2) Tr(<S>Z l $Z J - 1 ) - Tr(ZZ 



(G.6) 



j=o 



The Z term arises when R$z ac ts on m other words, when $ and $ "collide". We 
conclude that only when holomorphic and antiholomorphic insertions of the same kind 
collide, we need to add an extra Z term. From this consideration, we can also learn that 
no extra term is necessary when Z collides with the four impurities because all the four 
generators annihilate Z. For example, when R$>z acts on Tt(ZZ J+1 ), 

J 

R<s>z • Tr(ZZ J+1 ) = Y Tr(ZZ l $Z J - 1 ). (G.7) 

1=0 

This implies that we don't have to worry about collision of more than two impurities. In 
general, we have only to take care of holomorphic and antiholomorphic impurities of the 
same kind pairwise. 



Appendix H. Off-shell representation of BMN operators 

In this appendix, we carefully define "on-shell" and "off-shell" representations of BMN 
operators which are introduced in the main text. (See also Jl4]].) Here by shell we mean 
the level matching condition shell, which states that the sum of all worldsheet momentum 
vanishes. In the on-shell representation, we fix the position of one scalar impurity and sum 
over positions of the rest of the impurities. To explain more explicitly, let us consider the 
case of three impurities. In this case, we have 

O j ou = Tr( ( j )dl Z---Z<p d2 Z---Z ( j )d3 Z---Z)s l 2 2 s l i 1 (H.l) 

0<l 2 ,h<J 

where di G {1, 2, 3, 4} is the direction of the i-th impurity, U is the numbeJH of Z in front 
of 4>di and Si = e 27ri7Ii / J is the phase assigned to 0^. This definition gets ambiguous when 
two impurities sit next to each other. Therefore, we need a rigorous definition: 

OL = OL,c + <?on,a, (H.2) 

24 In [|35|| , U is argued to include the number of other impurities in front of it, but the difference 
is only subleading in 1/J and inconsequential throughout this paper. 
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with 

0<a 2 <a 3 <J 

To normalize this operator canonically, let us compute its free two-point function: 

(o J on oL) = (6L, c oL,c) + (dL, a oL,J = (j + i)(j + 2)n j +\ (h.4) 

Here we have counted the number of pairs (02, 03) such that < ai < as < J, which is 
2 Hence, in the BMN limit, the correct normalization is: 

Now let us move on to the off-shell representation. In the off-shell representation, we 
do not fix the position of any scalar impurity and treat them on equal footing by summing 
over all possible positions of all impurities. For our present case of 3 impurities, we define 

0^ = £ Tr (Z ■ ■ ■ Zcj> dl Z- ■ ■ Zcj> d ,Z- ■ ■ Zcj> d3 Z • ■ ■ Z) s^s^s^ (H.6) 
o<h,h,h<J 

where U is defined in the same way as above. Again, a rigorous definition is given by 

O j oS = J off (l, 2, 3) + O j oS (2, 3, 1) + O j oS (3, 1, 2) + 0^(1, 3, 2) + O j oS (3, 2, 1) + 0^(2, 1, 3), 

(H.7) 

with 

o J ff (i,2,3) J2 ^ (z^^z^^z^^z^) s r4 2 4 3 , 

0<ai<O2<ci3<»7 

J ff (2,3,l) = J] Tr (Z a2 d2 Z a3 - a2 d3 Z ai - a3 dl Z J - ai ) sr« 3 5 (H.8) 

0<a2< 03 <a\<J 



where the other operators are defined likewise. Now the claim is that is non- vanishing 
if and only if 711+712 + 713 = 0: 

Coff + ?ii + n 2 + n 3 = 0. (H.9) 
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Note that this condition is exactly the level-matching condition in string field theory. 
Furthermore, if this condition holds, we have 



O j oS (1, 2, 3) + o J ff (2, 3, 1) + O j oS (3, 1, 2) = JO J on , c , 
O j oS (1, 3, 2) + o J ff (3, 2, 1) + o J ff (2, 1, 3) = J0 o J n>a , 

and the off-shell representation ( |H.7|) is reduced to the on-shell one ( |H.2| ): 



(H.10) 



J off = JO J on . (H.ll) 

This explains the terminology of "on-shell/off-shell" representation. Consequently, the 
correct normalization of the off-shell operator is 

°BMN = ^=^=0 J ff . (H.12) 



This argument can be immediately generalized to n impurities assuming all of them 
are different. The on-shell operator is 

n 

J on = Yl Tr {cj )dl Z---Z ( j )d2 Z Z^ dn Z.--Z)\[^, (H.13) 

0<h, — ,l n <J i=2 

with li being the number of Z's in front of (pi as before. Or more rigorously the definition 
of it is given as the sum of (n — 1)! operators corresponding to permutations after fixing 
the position of one impurity: 

OL= E °on,a, (H.14) 

<76Perm{2,-",n} 

with 

n 

oL,a E ^ {^z^^z^-^^a^ ■ ■■^ {ny z J - a ^)Y[s?. 

0<a <7 (2)<---<a <J ( n )<J i=2 

(H.15) 

T ( J + 71 — 1 '\ jn—1 

Each O J£ a is composed of ^ n — 1 J ~ — TJT terms, where the combinatoric number 
comes from the number of (n— l)-tuple (a2, 03, • • • , a n ) satisfying < a a ^) < • • • < °Wn) < 
J. Hence, the normalization is 

^BMN = — T 1 / - 7 — J on . (H.16) 
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Similarly, the off-shell operator with n impurities is 

n 

O j oS = ^(Z-.-Z^Z-.-Z^Z Z<p dn Z---Z)l[s l i i , (H.17) 

0</i, ■■■,l n <J i=l 

with a rigorous definition given by a sum over n! terms. As in 3-impurity case, we have 

Oln = JO-L (H.18) 

if and only if the level-matching (on-shell) condition holds for the off-shell operator. Hence 
the normalization for the off-shell operator is 

Oi MN = 1 r-j- J oS . (H.19) 



Here we can think of each impurity as carrying a normalization factor 1/y/j, since we 
sum over J possible positions for each impurity. The leftover factor 1 / y/j is the original 
normalization of the vacuum operator and it originates in the cyclic property of Tr. 

So far, we have defined on-shell and off-shell operators assuming that all impurities 
are distinct. However, we have to deal with same impurities eventually since there are 
only 4 directions. When two impurities, say 4> dl and (f>d 2 , are the same, we have to insert 
— Z when they collide as discussed in Appendix G. Then the correct definition is in the 
off-shell representation, 



n 

h 



O j oS = Tr(Z---Z<p dl Z---Z<p d2 Z---Z ( j )da Z Zcf> dn Z ■ ■ ■ Z) J] s\ 

0<h,l2,h,---,ln<J i=l 



n 



Tr (Z ■ ■ ZZZ ■ ■ ■ Zcj> ds Z Zcj> dri Z ■ ■ ■ Z) ( Sl s 2 ) 1 ^ J] ^ , 

0<J(l,2),«3,-,in<J+l *=3 

(H.20) 

where /(i,2) is the number of Z's in front of Z arising when (f) dl and (f) d2 collide. Now we 
have to do this modification whenever we have a pair such that di = dj. However, 
as argued in Appendix G, we do not have to worry about collision of more than two 
impurities. The normalization is not changed since the number of Z terms is subleading 
in 1/J compared with the original terms because Z terms arise only when two impurities 
collide. 
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As an example, let us consider a BMN operator with 4 same impurities, i.e. d\ 
d>2 — ^3 = d^. In this case the BMN operator should be modified by — Z as 



4 

h 



O j oS = Yl Tr(Z---Z<p dl Z---Z<p d2 Z---Z ( p d;i Z---Z ( p d4 Z---Z)l[s 

0<h,fa,la,l4<J i=l 

Tr [Z ■■■ ZZZ ■ ■ ■ Z<p d3 Z-- Z<p d4 Z- ■ ■ Z) (s lS2 ) 1 ^) 8 l * 8 \ 

0<l(i t2) ,l 3 ,h<J+l 



J2 Tr(Z--- ZZZ ■ ■ ■ Z<p d2 Z- ■ ■ Z<p d4 Z- ■ ■ Z) ( Sl s 3 ) 1 ^ s l 2 2 s[ 4 

0<l (1 , 3) ,l2,U<J+l ( H -21) 



+ Tr (Z ■ • • ZZZ ■ ■ ■ ZZZ ■ ■ ■ Z) (sis 2 ) Z(1 ' 2) (s3S 4 ) Z(3 - 4) 



Appendix I. The 0{g?) coupling an p-th string state to an p + 1-th string state 



In a recent paper Gursoy ]33[] has analyzed the two-point function of multi-trace BMN 
operators with two different impurities. The class of operators he considers are: 

q-J,yi,V2,---,y P /nyi-J . /ny 2 -J . . . /ny P -J . x , (j i N 

2 ii,n ~- ^ ^ ■ u yi+...+y p ,l- K 1 - 1 ) 



The 0(g2) result for the mixing of the p-th trace with the p + 1 trace BMN operator is 
given by 



syp,p+l(l) _ ,. 3 / 2 /^ , V^A AAA 4- 

Ksr ny 1 ...y p ;mz 1 ...z p ~ S/l ^n,mz 1 /y 1 /_^ u y2,z P ( 2 ) ■ ■ ■ u y P , Z P( P ) u Vi >Zp(p) U Vl > 2 i + z P(i+i) ' 

1 _ P ( L2 ) 



The contribution in the first line is due to contractions in which the two impurities in 
the p-trace operator contract with the two impurities and any vacuum operator in the 
p + 1-trace operator. Therefore, the quantity C n m2l / yi is the mixing between a single 
trace and double trace two-impurity BMN operator. The contribution in the second line 
comes from Wick contractions where the operators with the impurities just connect among 
themselves and the vacuum operators in the p-th trace BMN operator contract with the 
vacuum operator in the p + 1-th trace BMN operator. 

46 



The contribution to the the matrix of anomalous dimensions is given by |3^] 

r p,P+l(i) = ( T f_ + T lf__ J^l) QP,P+m (T 31 

ny 1 ...y p ;mz 1 ...z p yy^ z ^ D\Z\ ) n y^---Vp'i mz ^--- z v' K J 

Using the holographic proposal we can calculate these matrix elements in the orthonormal 
basis: 



pp,p+l(l) pP,P+l(l) _ _ / /7P>P+1(1) T^PiP+i 

ny 1 ...y p ;mz 1 ...z p L ny 1 . . .y p ;mz 1 ...z p ^ \ n V\ ■ ■ -Up \ mz i ■ ■ - Z P ' n 2/l • ■ ■'■ 



(0) 

y p ;mz 1 ...z p 



1 / n m 



2 \yi zi 



2 



r<p,p+X{l) 

Ksr ny 1 ...y p ;mz 1 ...z p - 



(1.4) 



We note that in the orthonormal basis that the second term in (|T7^) does not contribute 
due to the 6 function constraints and the prefactor in (|1.4|) . Therefore, the final answer 
can be written as: 

fP,P+l(l) — 1 f , V (J ^ 

*- ny 1 ...y p ;mz 1 ...z p r— L n,mz 1 /y 1 u y 2 ,«p(2) • ' • u y P , z P( P ) u Vi , Z P( P ) Vl i*i+*p(»+i) - \ °> 



Vi ,, 

We now perform the relevant string field theory calculation. The string states dual to 
the BMN operators ( [TT| ) are given by 

\n,yi 7 y 2 , ...,y p ) = <a J _ n |vac, y x ) g> |vac, y 2 ) ® . . .® |vac, y p ) 5 yi+ ... +ypA . (1.6) 

It follows from the expression for the cubic Hamiltonian vertex ( |3.6| )( |377D that any con- 
traction coupling only vacua is zero. The only possible non-zero contributions are those 
in which the string carrying the two impurities contracts with the string carrying two- 
impurities and a vacuum string state. Therefore, the matrix elements of the unitly nor- 
malized states are: 

-(n, yx . . . y p \H?\m, z\... z p ) 



-(n,yi\H 3 \m, Zl) X ^<^/ 2 ,Zp( 2 ) . . . Sy pjZp{p) Sy ltZp(p) dy 1 ^ 1+Zp( . + 1) /J rj\ 

r p v ' 

= ^=^n,mzi/yi X ^ 2 ' 2p ( 2 ) ' ' ' ^Vp > Zp (p) ^ > Zp (p) ^Vl , z l+ z P(i+i) > 

which match the gauge theory computation. 
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